We propose a simple and compact slow-light element by use of an optical microcoil resonator (OMR) constituted by two microfiber coils. Based on the matrix exponential method, we solve the coupled-wave equations of the OMR with n turns of microfiber coils and obtain a general solution. Simulations indicate that a tunable slow-light propagation can be obtained by controlling the coupling coefficient between the two adjacent microfiber coils by means of regulating the voltage applied to the ferroelectric crystal. A slow-light time delay up to 62 ps with a bandwidth of 0.4 nm is performed at the wavelength around 1.5 μm.
Introduction
Currently, slow light has attracted great attention owning to its potential applications [1] [2] [3] [4] , such as optical buffer, data synchronization, tunable optical delay lines, optical memories, all-optical switches, nonlinear optics, and quantum computing [5] [6] [7] . Slow light is usually achieved based on a large dispersion (material dispersion or structure dispersion) in a narrow spectral region, which increases the group index and thus decreases the group velocity of optical pulses. Various approaches for realizing slow light have been suggested and experimentally demonstrated, such as electromagnetically induced transparency [8] , coherent population oscillations [9] , stimulated Brillouin scattering [10] , stimulated Raman scattering [11] , optical parametric amplification [12] , semiconductor waveguide [13] , quantum dot systems [14] , photonic crystal structures [15] , and so on. So far, much progress has been achieved in such a rapidly developing field. However, there still exist several drawbacks for slow light, such as the narrow bandwidth, the complicated system, and the serious pulse broadening. Those drawbacks need to be addressed.
From the point of view for the practical applications of optical communications, a miniaturization slow-light system while maintaining a low-loss and broadband properties would be significantly important. Indeed, a microsphere resonator [16] and a microtoroid resonator [17] have ever been reported, respectively, showing the properties of low-loss and compactness. However, on one hand, the delay timebandwidth product restricts the corresponding bandwidth of pulses only by ∼1 MHz; on the other hand, they are relatively difficult to manufacture. Another way of reducing the dimensions of the optical slowlight system is to fabricate it on planar optical waveguides; however, its dramatic insertion loss becomes another problem [18] .
Fortunately, the occurrence of the low-loss microfiber provides us a new alternative way to miniaturize the optical component. In 2003, Tong et al., using a two-step drawing process, fabricated a microfiber with the diameter down to 50 nm and almost 0.1 dB ∕ mm optical losses [19] . Recently, based on the evanescent-wave coupling theory, Sumetsky et al. proposed and described a new type of optical resonator by use of the microfiber coils, namely, the optical microcoil resonator (OMR) [20] [21] [22] . As illustrated in Fig. 1 , the OMR consists of a tapered microfiber, which is wrapped on a dielectric rod. The refractive index of the dielectric rod is smaller than that of the single-mode fiber (SMF). In such an OMR element, light travels in two different ways: either propagating along the length of the fiber or coupling from one coil to the adjacent ones. Light descends from one coil to the next coil, and then the group velocity is slowed down [22] . Since Sumetsky's introduction of this OMR, a lot of researchers have investigated the manufactures, the applications, the high Q value and the properties of the resonator [23] [24] [25] [26] . The OMR has been regarded as one of the most attractive elements owing to its super merits, such as the compatibility with the available communication system, the broad bandwidth, the compactness, the low-loss, the high Q value, and the low insertion loss [27] .
In this paper, we further study the slow-light properties of the OMR and find that by controlling the coupling coefficient between two adjacent microfiber coils, from 0 ∕ mm to 1 ∕ mm, a tunable slow light can be obtained. The maximal time delay of 62 ps is achieved at the wavelength around 1.5 μm with the bandwidth about 0.4 nm. Figure 2 illustrates our geometrical configuration. Optical pulse launches into the left side SMF of the OMR and emits from the right side SMF of it. By micromanipulation, the OMR can be fabricated by wrapping a 1.0 μm radius microfiber on a dielectric rod. The dielectric rod has a smaller refractive index as compared with the SMF and the OMR is coated with a thin layer of a lowrefractive-index polymer, such as Teflon [28, 29] . The diameter of the rod is 0.3 mm and the two terminals of the rod are fixed on a 10 mm long ferroelectric crystal, such as PbZn 1 ∕ 3 Nb 2 ∕ 3 O 3 -PbTiO 3 (PZN-PT), using the epoxy resin. The PZN-PT has an ultrahigh piezoelectric behavior whose piezoelectric coefficient d 33 is larger than 2500 pC ∕ N [30] . The microfiber, with a radius of 1.0 μm, can be fabricated using the presented in [24] and a microheater (NTT-AT, Japan). The coupling coefficient, related to the distance between the adjacent microfiber coils, can be controlled by regulating the voltage applied to PZN-PT from 0 to 2.0 kV.
In Section 2, we present the theoretical model of the OMR through solving the coupled-wave equations by use of the matrix exponential method. Comparing with other methods of solving the coupled-wave equations [21] , the matrix exponential method is simple, compact, and easy to program. Using the theoretical model, we investigate the optical properties of the OMR in Section 3. The slow-light properties of the OMR are studied in Section 4. Section 5 summarizes the results obtained.
Theoretical Model
The light propagation round a uniform OMR with n turns is described by the coupled-wave equations, following the analysis of Sumetsky [20, 22] : where A i s is the slowly varying amplitude of the electric field in the ith coil at a distance s round the coil, and k is the coupling coefficient between two adjacent microfiber coils, which is determined by [20] 
where F 0x x; y and F 0y x; y are the x-direction and y-direction components of the normalized fundamental mode HE 11 [31] . Considering the fact that the fundamental mode is approximate with a radial symmetry, there exists the relationship: F 0x x; y F 0y x; y ≈ exp−x 2 y 2 ∕ r 2 . In Eq. (2), p is the center distance between two adjacent microfiber coils and r is the microfiber radius. The parameters, p and r, are independent of s because the OMR is uniform. n eff and n e 1.31 are the effective refractive index of the microfiber and the refractive index of the Teflon, respectively. Note that, for the microfiber coils, the output of the ith coil is always equal to the input of the i 1th coil, there exists the following continuity conditions [20] : 
where β is the propagation constant of the fundamental mode and l is the perimeter of each coil. The input electric field amplitude is given by A 1 0. Using the matrix method [32] , Eqs. (1) and (3) can be respectively simplified to the compact forms:
A0 BAl A 1 0:
Then, the general solution of Eq. (4) is given by [32, 33] As e Ks C;
where e Ks is the matrix exponential. Obtaining A0 and Al from Eq. (6) and inserting them into Eq. (5), one can obtain the constant matrix C in the following form:
Inserting Eq. (7) into Eq. (6), one obtains the general solution of Eq. (4) given by
As e Ks E − Be Kl
From Eq. (8), we can achieve the output electric field amplitude of the nth coil, i.e., A n le iβl . In this case, we can obtain the following four important physical quantities related to this microfiber coil.
(1) The amplitude transmittance of the OMR, being defined by
Note that in Eq. (9) the propagation constant, β, can be expressed by β 2π ∕ λ iα, where α is the optical loss coefficient of the microfiber.
(2) The light power transmittance of the OMR, being expressed by
where T is the conjugate of T. (3) The phase of the transmission amplitude, ϕ T , being expressed by
(4) The group time delay, being obtained by
where c is the speed of light in vacuum.
Resonant and Spectral Behaviors of the OMR
The transmission spectra of the OMR components which respectively contain two, three, four, and five microfiber coils are calculated and shown in Fig. 3 . It is seen from Fig. 3 that the OMR components indicate obviously resonant properties and the extinction ratios are 0.43 dB, 1.27 dB, 3.07 dB, and 5.77 dB, respectively. The free spectral range is about 0.4 nm. During our simulations, the parameters are set at l 1 mm, α 0.02 ∕ mm, k 0.5 ∕ mm, and n eff 1.45. To see the resonance properties of OMR in detail, we further investigate the dependence of the transmission spectrum of OMR on the coupling coefficient k and the wavelength λ, the corresponding three-dimensional graph is shown in Fig. 4 . Note that, in order to ensure an unidirectional energy coupling between adjacent coils, there exists a maximum k, which is determined by the perimeter of the coil, l. The maximum k is about 1 ∕ mm for our case here. The k larger than 1 ∕ mm may lead to the energy coupling direction back and forth between adjacent coils, thus inevitably resulting in the increase of the coupling loss. Figure 4 shows the simulation results for the cases of the two, three, four, and five microfiber coils, respectively. Note that in our simulations other parameters in Fig. 4 are the same as that in Fig. 3 . It is interesting to find that for the case of the OMR containing two microfiber coils the OMR shows a regular resonance with the increasing of k. However, for other cases where more microfiber coils are wrapped on the rod, the transmission spectra become more complicated with the increase of k. Examination of Fig. 4 shows that when k has a perturbation, the resonance of the OMR with more coils has a great variation. So, the stabilization of the resonances becomes worse with the increase of the coil numbers. On the other hand, fabrication of a uniform OMR with more coils becomes more difficult. Therefore, in order to obtain a stable and easy-fabrication slow-light element, an OMR with two microfiber coils is a good choice. In what follows, we will focus on the case of the OMR with two microfiber coils and analyze the element's slow-light properties.
Slow-Light Property of the OMR with Two Microfiber Coils
Using Eq. (11), a typical amplitude phase variation of the two-coil OMR with the wavelength is simulated and shown in Fig. 5 . Noting that for each phase variation from −πrad to πrad within the resonance frequency spacing there exists a great phase gradient accordingly.
Based on Eq. (12), we know that slow light can be obtained when the amplitude phase has a sharp gradient within a narrow spectrum. Figure 6 indicates the variation of the group time delay of the two-coil OMR with the wavelength. It is seen that a group time delay of 18.48 ps is obtained for each resonance wavelength when k is taken as 0.5 ∕ mm. And there exist six resonance peaks for the wavelength varying from 1546 to 1556 nm. To see the details of the resonances, as an example, the zoom-in spectrum near the communication wavelength of 1550 nm is shown in the inset of Fig. 6 . It is seen that the delay time bandwidth (3 dB) is about 0.4 nm. Also, the influence of the coupling coefficient k on the group time delay of the two-coil OMR is calculated and shown in Fig. 7(a) , where k varies from 0 ∕ mm to 1 ∕ mm and the wavelength varies from 1546 to 1556 nm. It can be seen that, with the increase of k, a tunable time delay is achieved with a maximum of 62 ps at k 1 ∕ mm. Similarly, to see the details of the resonances, we take the resonance near the communication wavelength of 1550 nm as an example, as shown in Figs. 7(b) and 7(c). It is seen from Fig. 7(c) that the group time delay varies from 10 to 62 ps with the variation of k, meaning that the group velocity in slowlight element can be reduced to about six times.
Let us see the element we designed as shown in Fig. 2 again, when being applied the voltage, the strain of PZN-PT will cause the deformation of the dielectric rod and thus change the pitch p of the adjacent microfiber coils. While, considering the Eq. (2), the coupling coefficient k depends only on p provided that other parameters are fixed. Therefore, the k can be easily controlled by regulating the voltage applied to the PZN-PT. Figure 8 shows the relationship among k, p, and the applied voltage. We find that p changes from 9.8 to 15 μm as the voltage changes from 0 to 2.0 kV, which leads to a variation of k from 1 ∕ mm to 0 ∕ mm accordingly. Considering the ultrahigh strain and piezoelectric coefficient (d 33 > 2500 pC ∕ N) of the PZN-PT [30] , one can predict that p can be precisely controlled by the voltage, so as the slow-light time delay. Figure 9 depicts the dependence of the group time delay on the voltage, where we have assumed that the PZN-PT and the dielectric rod have the same elasticity modulus. It is seen that the group time delay changes from 10 to 62 ps by adjusting the voltage from 0 to 2.0 kV.
Conclusion
In this paper, we propose a novel and compact slowlight element based on a two-coil optical microcoil resonator. A tunable slow light is obtained by controlling the coupling coefficient between two adjacent microfiber coils by means of regulating the voltage applied to the PZN-PT. In theory, using the matrix exponential method we solve the coupled-wave equations of the OMR with n coils and obtain a general solution. A slow-light time delay up to 62 ps with the bandwidth of 0.4 nm is predicted around the wavelength of 1.5 μm in our designed element.
